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Motivation

Swampland Distance Conjecture:

Compare a string theory compactified on a CY      at a point      in its 
moduli space with the theory at a point     . Denote the (geodesic) moduli 
space distance by    .
Then, the theory at     has an infinite number of light particles, with mass 
starting at the order                   with               in Planck units. 
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↵ = O(1)

[Ooguri, Vafa `06]



Outline
‣ Structure of moduli spaces

‣ Massive towers and the Swampland Distance Conjecture

‣ The Kawamata-Morrison and the Swampland Distance Conjecture

‣ Conclusions



Structure of Moduli Spaces



The CS moduli space
Special points in CS moduli space

Orbifold Point

MUM point

‣ Metric for 1-parameter quintic  

‣ Degenerations classified via LMHS 

‣ Can be computed from the periods 
hypergeometric Picard-Fuchs system) 

‣ Solve geodesic equation 

‣ Compute geodesic distances

Conifold point
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The Kähler moduli space
‣ Kähler cone = cone of Kähler forms. All volumes are > 0 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The Kähler moduli space
‣ Kähler cone = cone of Kähler forms. All volumes are > 0 

 
 

‣ At the wall of the KC, some volumes  0: “primitive contractions”→
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Flop wall: 
Curve collapses to a point
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The Kähler moduli space
‣ Kähler cone = cone of Kähler forms. All volumes are > 0 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Zariski wall (a): 
Divisor collapses to a curve,

in general unclear how to go 
beyond

Zariski wall (b): 
Divisor collapses to a point,

unclear how to go beyond
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vol(D) ! 0, vol(X) > 0
<latexit sha1_base64="efED0f8O+xbKPkCUAphIqZdC2dY=">AAACGXicbVDLTgIxFO3gC/E16NJNIzHBDZkxRF0S3bjERB4JTEinFGjoTCftHZRM+BLjVr/DnXHrys/wD+zALEQ8SdOTc85N7j1+JLgGx/mycmvrG5tb+e3Czu7e/oFdPGxqGSvKGlQKqdo+0UzwkDWAg2DtSDES+IK1/PFN6rcmTGkuw3uYRswLyDDkA04JGKlnF7vAHiGZSDErt8+6IJ2eXXIqzhx4lbgZKaEM9Z793e1LGgcsBCqI1h3XicBLiAJOBZsVurFmEaFjMmQdQ0MSMO0l89Vn+NQofTyQyrwQ8Fz9PZH4fmBSvhR9rKeB+fWSTQKdyiYSEBiteKn4n9eJYXDlJTyMYmAhXewxiAUGidOacJ8rRkFMDSFUcXMKpiOiCAVTZsF05P5tZJU0zyvuRaV6Vy3VrrO28ugYnaAyctElqqFbVEcNRNEDekYv6NV6st6sd+tjEc1Z2cwRWoL1+QOAqaBR</latexit>

vol(X) ! 0

Zariski wall (a): 
Divisor collapses to a curve,

in general unclear how to go 
beyond

Zariski wall (b): 
Divisor collapses to a point,

unclear how to go beyond

Effective cone wall: 
CY collapses, KC ends

<latexit sha1_base64="Xj095AHoBsZcmXshnk6jzh7PwA0=">AAACK3icbVDLSgMxFM3UV62vqks3wSK0IGVGirqSoi5cVrAP6JSSSdM2NDMZkjvFMvQD/Bhxq9/hSnHrB/gHZtouWuuBkMM558K9xwsF12DbH1ZqZXVtfSO9mdna3tndy+4f1LSMFGVVKoVUDY9oJnjAqsBBsEaoGPE9were4Cbx60OmNJfBA4xC1vJJL+BdTgkYqZ3NucAeIR5KMc7fFlyQ2D7Fc1qjcGWblF20J8DLxJmRHJqh0s7+uB1JI58FQAXRuunYIbRiooBTwcYZN9IsJHRAeqxpaEB8plvx5JgxPjFKB3elMi8APFHnJ2LP803Kk6KD9cg3v16wia8T2UR8Av0lLxH/85oRdC9bMQ/CCFhAp3t0I4FNJUlxuMMVoyBGhhCquDkF0z5RhIKpN2M6cv42skxqZ0XnvFi6L+XK17O20ugIHaM8ctAFKqM7VEFVRNETekGv6M16tt6tT+trGk1Zs5lDtADr+xdZCqbe</latexit>

vol(D) ! 0, vol(X) > 0

, ,



Massive Towers and the SDC
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‣ Starting point: 10D KG equation

‣ Now decompose


‣ Use 6D eigenfunctions of d’Alembertian


‣ Get 4D KG equation
‣ Can compute CY metric using machine learning 

Compute massive KK states (schematically)
<latexit sha1_base64="PTK7GwtIaz+ZMQZ0uu8/Th90l60=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaL4KokUlQQoWgXLivYCzQhTKaTdujkwsxEKKEbN76KGxeKuPUd3Pk2TtsstPWHgY//nMOZ8/sJZ1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+8ObSb39QIVkcXSvRgl1Q9yPWMAIVtryzEOnTrnCXmZb9bFz6TQGbMboClmeWbYq1lRoEewcypCr4ZlfTi8maUgjRTiWsmtbiXIzLBQjnI5LTippgskQ92lXY4RDKt1sesUYHWunh4JY6BcpNHV/T2Q4lHIU+rozxGog52sT879aN1XBhZuxKEkVjchsUZBypGI0iQT1mKBE8ZEGTATTf0VkgAUmSgdX0iHY8ycvQuu0Yp9VqnfVcu06j6MIB3AEJ2DDOdTgFhrQBAKP8Ayv8GY8GS/Gu/Exay0Y+cw+/JHx+QO6gJbL</latexit>

�10D �10D = 0

<latexit sha1_base64="+HJmDaIx79dlyvBB1lsa9UQTA/0=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD0SvXjERMAEFtLtdqGh7W7aroZs+B9ePGiMV/+LN/+NBfag4CRNJjNv8l4nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGP1EGBNOZO0ZZjh9CFRFIuA004wvpn5nUeqNIvlvZkk1Bd4KFnECDZW6ot+raeZ6HGbCPGgXHGr7hxolXg5qUCO5qD81QtjkgoqDeFY667nJsbPsDKMcDot9VJNE0zGeEi7lkosqPaz+dVTdGaVEEWxsk8aNFd/JzIstJ6IwE4KbEZ62ZuJ/3nd1ERXfsZkkhoqyWJRlHJkYjSrAIVMUWL4xBJMFLO3IjLCChNjiyrZErzlL6+Sdq3qXVTrd/VK4zqvowgncArn4MElNOAWmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/Wj2Sbg==</latexit>

m2 ⇠ �
<latexit sha1_base64="mFW3DDMG2woV2MowMkBJdqNEl0Y=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVoSRS1I1QtAuXFewDmhAmk0k7dDIJMxOhhG7d+CtuXCji1j9w5984TbPQ1gMDh3Pu4c49fsKoVJb1bSwtr6yurZc2yptb2zu75t5+R8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+6Gbqdx+IkDTm92qcEDdCA05DipHSkmfCqtMkTCEvqzcnpw7TyQCdOMmQ5sqV5ZkVq2blgIvELkgFFGh55pcTxDiNCFeYISn7tpUoN0NCUczIpOykkiQIj9CA9DXlKCLSzfJLJvBYKwEMY6EfVzBXfycyFEk5jnw9GSE1lPPeVPzP66cqvHQzypNUEY5ni8KUQRXDaS0woIJgxcaaICyo/ivEQyQQVrq8si7Bnj95kXTOavZ5rX5XrzSuizpK4BAcgSqwwQVogFvQAm2AwSN4Bq/gzXgyXox342M2umQUmQPwB8bnD76bmRs=</latexit>

(�4D + �)�4D = 0

<latexit sha1_base64="lVIukIxcbfZgZqWhk3S1IDLSbyE=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBKEkUtRl0S7ctFSwF2himEwn7dDJhZmJUEIewo2v4saFIm5duPNtnLRBtPWHgY//nDMz53cjRoU0jC+tsLS8srpWXC9tbG5t7+i7ex0RxhyTNg5ZyHsuEoTRgLQllYz0Ik6Q7zLSdcdXWb17T7igYXArJxGxfTQMqEcxkspy9BOrTphETmIa9dQS1IfDu6TRTK0IcUkRcxo/1HT0slExpoKLYOZQBrlajv5pDUIc+ySQmCEh+qYRSTvJ7sOMpCUrFiRCeIyGpK8wQD4RdjJdKoVHyhlAL+TqBBJO3d8TCfKFmPiu6vSRHIn5Wmb+V+vH0ruwExpEsSQBnj3kxQzKEGYJwQHlBEs2UYAwp+qvEI8QR1iqHEsqBHN+5UXonFbMs0r1plquXeZxFMEBOATHwATnoAauQQu0AQYP4Am8gFftUXvW3rT3WWtBy2f2wR9pH9/Dc56s</latexit>

�10D ⇠ gMN@M@N

<latexit sha1_base64="cR0mwe2aQHHTEawGwuq4+0OJnWE=">AAACD3icbVDLSsNAFJ34rPUVdelmsCh1UxIpVShCqV24rGAf0IQwmU7aoZMHMxOxhPyBG3/FjQtF3Lp15984bSNo64ELZ865l7n3uBGjQhrGl7a0vLK6tp7byG9ube/s6nv7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxR1cTv3NHuKBhcCvHEbF9NAioRzGSSnL0E6tBmEROYhqN9LL48yo30qpVterhvZNUGumpoxeMkjEFXCRmRgogQ9PRP61+iGOfBBIzJETPNCJpJ4hLihlJ81YsSITwCA1IT9EA+UTYyfSeFB4rpQ+9kKsKJJyqvycS5Asx9l3V6SM5FPPeRPzP68XSu7ATGkSxJAGefeTFDMoQTsKBfcoJlmysCMKcql0hHiKOsFQR5lUI5vzJi6R9VjIrpfJNuVCrZ3HkwCE4AkVggnNQA9egCVoAgwfwBF7Aq/aoPWtv2vusdUnLZg7AH2gf38SBmz0=</latexit>

�10D = (�4D; ⇤6D)
<latexit sha1_base64="H563kqQQAu9vnnzjq+YIq+u/YW8=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxIpVShC0S5cVrAPaEKYTKft0MmDmUmhhHyCG3/FjQtF3Lp05984SbPQ1gMD555zL3fucUNGhTSMb21ldW19Y7OwVdze2d3b1w8OOyKIOCZtHLCA91wkCKM+aUsqGemFnCDPZaTrTm5TvzslXNDAf5CzkNgeGvl0SDGSSnL0M6s1pk5sGs0EXsOyFaZVtZnUrbo1RTwra83k3NFLRsXIAJeJmZMSyNFy9C9rEODII77EDAnRN41Q2jHikmJGkqIVCRIiPEEj0lfURx4RdpwdlMBTpQzgMODq+RJm6u+JGHlCzDxXdXpIjsWil4r/ef1IDq/smPphJImP54uGEYMygGk6cEA5wZLNFEGYU/VXiMeIIyxVhkUVgrl48jLpXFTMWqV6Xy01bvI4CuAYnIAyMMElaIA70AJtgMEjeAav4E170l60d+1j3rqi5TNH4A+0zx8zP5t2</latexit>

�10D = (�4D; '6D)
<latexit sha1_base64="jzhXoJQmGcSOOzuhtmB2oL9srHY=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbsqMFBWKUHTjRqlgH9AZSybNtKGZzJBkhDLMxo2/4saFIm79B3f+jWk7C209EHJyzr3c3ONFjEplWd9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oaXY7/1QISkIb9To4i4Aepz6lOMlJa65n7/Prm+Sc9L+naC2OFxWnWq+oG89KhrFq2yNQGcJ3ZGiiBDvWt+Ob0QxwHhCjMkZce2IuUmSCiKGUkLTixJhPAQ9UlHU44CIt1kskUKD7XSg34o9OEKTtTfHQkKpBwFnq4MkBrIWW8s/ud1YuWfuQnlUawIx9NBfsygCuE4EtijgmDFRpogLKj+K8QDJBBWOriCDsGeXXmeNI/L9km5clsp1i6yOPJgDxyAErDBKaiBK1AHDYDBI3gGr+DNeDJejHfjY1qaM7KeXfAHxucP9qSYPg==</latexit>

gMN = (gµ⌫ ; gab)

<latexit sha1_base64="syG8tvj9o9JSsn6xCeW995VuPvw=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhyCIIxWxvQijOnB4wT3AmspaZptYWlTknQ4yj6EF7+KFw+KePXgzW9j1vUwN/8Q+PF/nifJ8/djRqWyrB9jZXVtfWOzsFXc3tnd2zcPDluSJwKTJuaMi46PJGE0Ik1FFSOdWBAU+oy0/eHNtN4eESEpjx7UOCZuiPoR7VGMlLY889yp80cvrd5OnBES8YBmDK+hw/QlAZp3PbNkla1McBnsHEogV8Mzv52A4yQkkcIMSdm1rVi5KRKKYkYmRSeRJEZ4iPqkqzFCIZFumi01gafaCWCPC30iBTN3fiJFoZTj0NedIVIDuVibmv/VuonqXbkpjeJEkQjPHuolDCoOpwnBgAqCFRtrQFhQ/VeIB0ggrHSORR2CvbjyMrQuyna1XLmvlGr1PI4COAYn4AzY4BLUwB1ogCbA4Am8gDfwbjwbr8aH8TlrXTHymSPwR8bXL0/6nmA=</latexit>⇤6D'6D = �'6D

<latexit sha1_base64="weNUjLfd9GWXpOviOyjRZ3qqFUU="></latexit>

⇤ = d� + �d =
p
det(g)

�1
@a

p
det(g)gab@b

[Ashmore,He,Ovrut `19; Anderson,Gerdes,Gray,Krippendorf,Raghuram,FR `20; Douglas,Lakshminarasimhan,Qi `20; 
 Jejjala,Mayorga Pena,Mishra `20; Larfors,Lukas,FR,Schneider `21 `22]

[see Andre’s talk]



‣ One massless scalar (   )

‣ Spectrum degenerate w/ degeneracies 

given by irreps of CY symmetry group

‣ Eigenvalues (mass levels) cross in 

contrast (but not contradiction) to

• No-crossing theorems in QM


• Eigenvalue repulsion in RMT for hermitian 
matrices


‣ States with large multiplicity become 
heavier, states with small multiplicity 
become lighter

Massive KK states I
<latexit sha1_base64="rQ+lnlZ8/oEDmphri0GPm78PfAY=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZJqQlsk4YnuRthQziRtWWY57SpNsYg47USTu9zvPFFtWCIf7VTRUOCRZDEj2OZSXxk2qNb8uj8HWiVBQWpQoDmofvWHCUkFlZZwbEwv8JUNM6wtI5zOKv3UUIXJBI9oz1GJBTVhNr91hs6cMkRxol1Ji+bq74kMC2OmInKdAtuxWfZy8T+vl9r4JsyYVKmlkiwWxSlHNkH542jINCWWTx3BRDN3KyJjrDGxLp6KCyFYfnmVtC/qwVX98uGy1rgt4ijDCZzCOQRwDQ24hya0gMAYnuEV3jzhvXjv3seiteQVM8fwB97nDyctjlM=</latexit>
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[Ashmore, FR `21]



‣ Scalars become exponentially light

‣ Best fit gives

‣ First numerical check of the SDC

‣ Value very close to conjectured 

behavior 

‣ Interesting effect at sub-Planckian 
distances: mass of lightest state does 
not change for .3    

Massive KK states II

<latexit sha1_base64="eHcpPYo0VK0pX4lN5ozkwOIoYDc=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgZBULWWpVMHCWCT6kPqS47itVTuJbAepivoHLPwKCwMIsbKy8Te4bQZoOZKlo3PO1fU9bsioVLb9baRWVtfWN9Kbma3tnd09c/+gLoNIYFLDAQtE00WSMOqTmqKKkWYoCOIuIw13dDP1Gw9ESBr492ockg5HA5/2KUZKSz3zlJfbTMc91I2di/ykXLKKpBuf52yrUGyH3Lbs/Jk36ZlZzWaAy8RJSBYkqPbMr7YX4IgTX2GGpGw5dqg6MRKKYkYmmXYkSYjwCA1IS1MfcSI78eyeCTzRigf7gdDPV3Cm/p6IEZdyzF2d5EgN5aI3Ff/zWpHqX3Vi6oeRIj6eL+pHDKoATsuBHhUEKzbWBGFB9V8hHiKBsNIVZnQJzuLJy6Set5xLq3BXyFaukzrS4AgcgxxwQAlUwC2oghrA4BE8g1fwZjwZL8a78TGPpoxk5hD8gfH5A15lmbM=</latexit>

m = �1/2 = 7.5e�(0.45±0.02)d

<latexit sha1_base64="jgb7nLurQ3XyV/kcB1taTahDNgk=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5pIqV6EohePFewHNKFsttt26WYTdydKif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhALrsFxvq3cyura+kZ+s7C1vbO7Zxf3mzpKFGUNGolItQOimeCSNYCDYO1YMRIGgrWC0fXUbz0wpXkk72AcMz8kA8n7nBIwUtcuekTEQ3Lpnnr6XkFanXTtklN2ZsDLxM1ICWWod+0vrxfRJGQSqCBad1wnBj8lCjgVbFLwEs1iQkdkwDqGShIy7aez0yf42Cg93I+UKQl4pv6eSEmo9TgMTGdIYKgXvan4n9dJoH/hp1zGCTBJ54v6icAQ4WkOuMcVoyDGhhCquLkV0yFRhIJJq2BCcBdfXibNs7JbLVduK6XaVRZHHh2iI3SCXHSOaugG1VEDUfSIntErerOerBfr3fqYt+asbOYA/YH1+QPCSpOx</latexit>

↵ = 1/
p
6

[Andriot,Cribiori,Erkinger  `20;  
Etheredge,Heidenreich,Kayab,Qiua,Rudelius `22]

<latexit sha1_base64="l8bPKz/Z8D6AAeLdet/VG6/1kE0=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGzdCRfuAdiiZ9E4bmskMSUYoQz/BjQtF3PpF7vwb03YW2nogcDjnXHLvCRLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu569V654lbdGcgy8XJSgRw2/9XtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bLbqhJxYpU/CWNknDZmpvycyGmk9jgKbjKgZ6kVvKv7ndVITXvkZl0lqULL5R2EqiInJ9G7S5wqZEWNLKFPc7krYkCrKjG2nZEvwFk9eJs2zqndRPb8/r9Su8zqKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/MxjxacfOYQ/sD5/AH8CY2d</latexit>

MP

[Ashmore, FR `21]

[see Muldrow’s talk]



Flops and Kähler Cones

<latexit sha1_base64="My3/xAc7oQOZFbGKcYLInbzDtiA=">AAACFHicbVDLSgMxFM3UV62vqks3wSLUTZmRoi6LbgQ3FewD2rFkMpk2NI8hyQhl6G+IW/0Od+LWvZ/hH5hpZ2GtB0IO55wL954gZlQb1/1yCiura+sbxc3S1vbO7l55/6CtZaIwaWHJpOoGSBNGBWkZahjpxoogHjDSCcbXmd95JEpTKe7NJCY+R0NBI4qRsdJDnyMzwoilt9Nq93RQrrg1dwa4TLycVECO5qD83Q8lTjgRBjOkdc9zY+OnSBmKGZmW+okmMcJjNCQ9SwXiRPvpbOspPLFKCCOp7BMGztTfE2kQcJsKJAuhnnD76wUbcZ3JNpIdseRl4n9eLzHRpZ9SESeGCDzfI0oYNBJmDcGQKoINm1iCsKL2FIhHSCFsbI8l25H3t5Fl0j6reee1+l290rjK2yqCI3AMqsADF6ABbkATtAAGCjyDF/DqPDlvzrvzMY8WnHzmECzA+fwBQX+eog==</latexit>

K(X)

<latexit sha1_base64="hI1hb2Lm4aP+I6Zl+WFoU4vH3g0=">AAACF3icbVDLSgMxFM3UV62Pjrp0Eyxi3ZQZKeqy6EZwU8HaQjuUTCbThuYxJBmhDP0Qcavf4U7cuvQz/AMzbRfWeiDkcM65cO8JE0a18bwvp7Cyura+UdwsbW3v7Jbdvf0HLVOFSQtLJlUnRJowKkjLUMNIJ1EE8ZCRdji6zv32I1GaSnFvxgkJOBoIGlOMjJX6brnHkRlixLLbSbVzctp3K17NmwIuE39OKmCOZt/97kUSp5wIgxnSuut7iQkypAzFjExKvVSTBOERGpCupQJxooNsuvgEHlslgrFU9gkDp+rviSwMuU2FkkVQj7n99YKNuM5lG8mvWPJy8T+vm5r4MsioSFJDBJ7tEacMGgnzkmBEFcGGjS1BWFF7CsRDpBA2tsqS7cj/28gyeTir+ee1+l290riat1UEh+AIVIEPLkAD3IAmaAEMUvAMXsCr8+S8Oe/OxyxacOYzB2ABzucPJxafBA==</latexit>

K(X 0)



CYs related by flops

<latexit sha1_base64="My3/xAc7oQOZFbGKcYLInbzDtiA=">AAACFHicbVDLSgMxFM3UV62vqks3wSLUTZmRoi6LbgQ3FewD2rFkMpk2NI8hyQhl6G+IW/0Od+LWvZ/hH5hpZ2GtB0IO55wL954gZlQb1/1yCiura+sbxc3S1vbO7l55/6CtZaIwaWHJpOoGSBNGBWkZahjpxoogHjDSCcbXmd95JEpTKe7NJCY+R0NBI4qRsdJDnyMzwoilt9Nq93RQrrg1dwa4TLycVECO5qD83Q8lTjgRBjOkdc9zY+OnSBmKGZmW+okmMcJjNCQ9SwXiRPvpbOspPLFKCCOp7BMGztTfE2kQcJsKJAuhnnD76wUbcZ3JNpIdseRl4n9eLzHRpZ9SESeGCDzfI0oYNBJmDcGQKoINm1iCsKL2FIhHSCFsbI8l25H3t5Fl0j6reee1+l290rjK2yqCI3AMqsADF6ABbkATtAAGCjyDF/DqPDlvzrvzMY8WnHzmECzA+fwBQX+eog==</latexit>

K(X)

<latexit sha1_base64="hI1hb2Lm4aP+I6Zl+WFoU4vH3g0=">AAACF3icbVDLSgMxFM3UV62Pjrp0Eyxi3ZQZKeqy6EZwU8HaQjuUTCbThuYxJBmhDP0Qcavf4U7cuvQz/AMzbRfWeiDkcM65cO8JE0a18bwvp7Cyura+UdwsbW3v7Jbdvf0HLVOFSQtLJlUnRJowKkjLUMNIJ1EE8ZCRdji6zv32I1GaSnFvxgkJOBoIGlOMjJX6brnHkRlixLLbSbVzctp3K17NmwIuE39OKmCOZt/97kUSp5wIgxnSuut7iQkypAzFjExKvVSTBOERGpCupQJxooNsuvgEHlslgrFU9gkDp+rviSwMuU2FkkVQj7n99YKNuM5lG8mvWPJy8T+vm5r4MsioSFJDBJ7tEacMGgnzkmBEFcGGjS1BWFF7CsRDpBA2tsqS7cj/28gyeTir+ee1+l290riat1UEh+AIVIEPLkAD3IAmaAEMUvAMXsCr8+S8Oe/OxyxacOYzB2ABzucPJxafBA==</latexit>

K(X 0)

Zariski

chamber

Examples 1:


• Can flop to a non-isomorphic CY 
on one side


• KC ends in Zariski chamber on 
other side


• KC ends beyond X’


[Brodie, Constantin, Lukas, FR: 2104.03325]



CYs related by flops

<latexit sha1_base64="My3/xAc7oQOZFbGKcYLInbzDtiA=">AAACFHicbVDLSgMxFM3UV62vqks3wSLUTZmRoi6LbgQ3FewD2rFkMpk2NI8hyQhl6G+IW/0Od+LWvZ/hH5hpZ2GtB0IO55wL954gZlQb1/1yCiura+sbxc3S1vbO7l55/6CtZaIwaWHJpOoGSBNGBWkZahjpxoogHjDSCcbXmd95JEpTKe7NJCY+R0NBI4qRsdJDnyMzwoilt9Nq93RQrrg1dwa4TLycVECO5qD83Q8lTjgRBjOkdc9zY+OnSBmKGZmW+okmMcJjNCQ9SwXiRPvpbOspPLFKCCOp7BMGztTfE2kQcJsKJAuhnnD76wUbcZ3JNpIdseRl4n9eLzHRpZ9SESeGCDzfI0oYNBJmDcGQKoINm1iCsKL2FIhHSCFsbI8l25H3t5Fl0j6reee1+l290rjK2yqCI3AMqsADF6ABbkATtAAGCjyDF/DqPDlvzrvzMY8WnHzmECzA+fwBQX+eog==</latexit>

K(X)

<latexit sha1_base64="hI1hb2Lm4aP+I6Zl+WFoU4vH3g0=">AAACF3icbVDLSgMxFM3UV62Pjrp0Eyxi3ZQZKeqy6EZwU8HaQjuUTCbThuYxJBmhDP0Qcavf4U7cuvQz/AMzbRfWeiDkcM65cO8JE0a18bwvp7Cyura+UdwsbW3v7Jbdvf0HLVOFSQtLJlUnRJowKkjLUMNIJ1EE8ZCRdji6zv32I1GaSnFvxgkJOBoIGlOMjJX6brnHkRlixLLbSbVzctp3K17NmwIuE39OKmCOZt/97kUSp5wIgxnSuut7iQkypAzFjExKvVSTBOERGpCupQJxooNsuvgEHlslgrFU9gkDp+rviSwMuU2FkkVQj7n99YKNuM5lG8mvWPJy8T+vm5r4MsioSFJDBJ7tEacMGgnzkmBEFcGGjS1BWFF7CsRDpBA2tsqS7cj/28gyeTir+ee1+l290riat1UEh+AIVIEPLkAD3IAmaAEMUvAMXsCr8+S8Oe/OxyxacOYzB2ABzucPJxafBA==</latexit>

K(X 0)

Zariski

chamber

Examples 1:


• Can flop to a non-isomorphic CY 
on one side


• KC ends in Zariski chamber on 
other side


• KC ends beyond X’


Example 2:


• Can flop (“reflect”) to an 
isomorphic CY on one side


• KC ends on other side

• KC ends beyond


<latexit sha1_base64="9jhItBqnTP9j1oEuHzv2YoiaaMc=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVnLbQjiWTybShyWRIMkIp/QRxq9/hTtz6EX6Gf2CmnYW1Hgg5nHMu3HvClDNtXPfLKa2srq1vlDcrW9s7u3vV/YOWlpki1CeSS9UJsaacJdQ3zHDaSRXFIuS0HY5ucr/9SJVmMrk345QGAg8SFjOCjZX8Tt978PrVmlt3Z0DLxCtIDQo0+9XvXiRJJmhiCMdadz03NcEEK8MIp9NKL9M0xWSEB7RraYIF1cFktuwUnVglQrFU9iUGzdTfE5MwFDYVSh4hPRb21ws2FjqXbURgM1zycvE/r5uZ+CqYsCTNDE3IfI8448hIlBeDIqYoMXxsCSaK2VMQGWKFibH1VWxH3t9GlknrrO5d1M/vzmuN66KtMhzBMZyCB5fQgFtogg8EGDzDC7w6T86b8+58zKMlp5g5hAU4nz/RnJqd</latexit>

X1
1

[Brodie, Constantin, Lukas, FR: 2104.03325]



CYs related by flops

<latexit sha1_base64="My3/xAc7oQOZFbGKcYLInbzDtiA=">AAACFHicbVDLSgMxFM3UV62vqks3wSLUTZmRoi6LbgQ3FewD2rFkMpk2NI8hyQhl6G+IW/0Od+LWvZ/hH5hpZ2GtB0IO55wL954gZlQb1/1yCiura+sbxc3S1vbO7l55/6CtZaIwaWHJpOoGSBNGBWkZahjpxoogHjDSCcbXmd95JEpTKe7NJCY+R0NBI4qRsdJDnyMzwoilt9Nq93RQrrg1dwa4TLycVECO5qD83Q8lTjgRBjOkdc9zY+OnSBmKGZmW+okmMcJjNCQ9SwXiRPvpbOspPLFKCCOp7BMGztTfE2kQcJsKJAuhnnD76wUbcZ3JNpIdseRl4n9eLzHRpZ9SESeGCDzfI0oYNBJmDcGQKoINm1iCsKL2FIhHSCFsbI8l25H3t5Fl0j6reee1+l290rjK2yqCI3AMqsADF6ABbkATtAAGCjyDF/DqPDlvzrvzMY8WnHzmECzA+fwBQX+eog==</latexit>

K(X)

<latexit sha1_base64="hI1hb2Lm4aP+I6Zl+WFoU4vH3g0=">AAACF3icbVDLSgMxFM3UV62Pjrp0Eyxi3ZQZKeqy6EZwU8HaQjuUTCbThuYxJBmhDP0Qcavf4U7cuvQz/AMzbRfWeiDkcM65cO8JE0a18bwvp7Cyura+UdwsbW3v7Jbdvf0HLVOFSQtLJlUnRJowKkjLUMNIJ1EE8ZCRdji6zv32I1GaSnFvxgkJOBoIGlOMjJX6brnHkRlixLLbSbVzctp3K17NmwIuE39OKmCOZt/97kUSp5wIgxnSuut7iQkypAzFjExKvVSTBOERGpCupQJxooNsuvgEHlslgrFU9gkDp+rviSwMuU2FkkVQj7n99YKNuM5lG8mvWPJy8T+vm5r4MsioSFJDBJ7tEacMGgnzkmBEFcGGjS1BWFF7CsRDpBA2tsqS7cj/28gyeTir+ee1+l290riat1UEh+AIVIEPLkAD3IAmaAEMUvAMXsCr8+S8Oe/OxyxacOYzB2ABzucPJxafBA==</latexit>

K(X 0)

Zariski

chamber

Examples 1:


• Can flop to a non-isomorphic CY 
on one side


• KC ends in Zariski chamber on 
other side


• KC ends beyond X’


Example 2:


• Can flop (“reflect”) to an 
isomorphic CY on one side


• KC ends on other side

• KC ends beyond


<latexit sha1_base64="9jhItBqnTP9j1oEuHzv2YoiaaMc=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVnLbQjiWTybShyWRIMkIp/QRxq9/hTtz6EX6Gf2CmnYW1Hgg5nHMu3HvClDNtXPfLKa2srq1vlDcrW9s7u3vV/YOWlpki1CeSS9UJsaacJdQ3zHDaSRXFIuS0HY5ucr/9SJVmMrk345QGAg8SFjOCjZX8Tt978PrVmlt3Z0DLxCtIDQo0+9XvXiRJJmhiCMdadz03NcEEK8MIp9NKL9M0xWSEB7RraYIF1cFktuwUnVglQrFU9iUGzdTfE5MwFDYVSh4hPRb21ws2FjqXbURgM1zycvE/r5uZ+CqYsCTNDE3IfI8448hIlBeDIqYoMXxsCSaK2VMQGWKFibH1VWxH3t9GlknrrO5d1M/vzmuN66KtMhzBMZyCB5fQgFtogg8EGDzDC7w6T86b8+58zKMlp5g5hAU4nz/RnJqd</latexit>

X1
1

Example 3:


• Can flop (“reflect”) to an 
isomorphic CY on both sides


• Repeating this gives infinitely 
many flops


• KC ends after infinitely many CYs


[Brodie, Constantin, Lukas, FR: 2104.03325]



Finding the reflections
‣ The matrices M that map between two isomorphic CYs X and X’ can be 

constructed explicitly 
 
 
 
 

‣ They depend on the Gopakumar-Vafa invariants and the intersection 
numbers, e.g.

<latexit sha1_base64="BDR02JVHNmJzMOMg8hc1/hyXCyI="></latexit>
Pn 2 1 . . . 1 0 . . . 0
~P ~p1 ~p2 . . . ~pn ~pn+1 . . . ~pK

�
,

<latexit sha1_base64="+afmjac18yaD9myd9awJT60Le0A="></latexit>
Pn 1 1 . . . 1 0 . . . 0
~P ~q1 ~q2 . . . ~qn+1 ~qn+2 . . . ~qK

�
.

[Brodie, Constantin, Lukas, FR: 2112.12106]

<latexit sha1_base64="6cb3v0eN9RUSErUrtvLSX9e9tpg="></latexit>

M =

✓
�1 ~0TPn+1
k=1 ~qk

◆ <latexit sha1_base64="EaWDBPg8+uKTJSI9TA+VBckV/40="></latexit>

M =

✓
�1 ~0T

2~q1 +
Pn

k=2 ~qk

◆

<latexit sha1_base64="zrsaZDjxnAFkmVNXDtcQ1YoznXc="></latexit>

M =

✓
�1 0
m 1

◆
<latexit sha1_base64="Eg5D9MhKnBEIRp70dowkTw1meWc=">AAACInicbZDLSsNAFIYn9VbrLepON4NFcFWSUNSNUHTjsoK9QBvCZDJph84kYWYilBDwYcStPoc7cSX4Er6BkzYLaz0wzMf/nwPn/H7CqFSW9WlUVlbX1jeqm7Wt7Z3dPXP/oCvjVGDSwTGLRd9HkjAakY6iipF+IgjiPiM9f3JT+L0HIiSNo3s1TYjL0SiiIcVIackzj/jVMBQIZ07gZbbj5HmmwSnAM+tWw5oVXAa7hDooq+2Z38MgxiknkcIMSTmwrUS5GRKKYkby2jCVJEF4gkZkoDFCnEg3m92Qw1OtBDCMhX6RgjP190Tm+1x3+TELoJxy/csFG3FZyLqFIzVe8grxP2+QqvDSzWiUpIpEeL5HmDKoYljkBQMqCFZsqgFhQfUpEI+RTkzpVGs6I/tvIsvQdRr2eaN516y3rsu0quAYnIAzYIML0AK3oA06AINH8AxewKvxZLwZ78bHvLVilDOHYKGMrx/II6OO</latexit>

m =
2d122
d222

<latexit sha1_base64="0Y6zNq1qYa4wUSXFMQXuhJplYuE="></latexit>

n[C] + 8n[2C] = 2d111 � 3md112 +m2d122



‣ For ease of exposition, let us focus on isomorphic flops along two KC 
boundaries


‣ The matrices M1 and M2 generate a group with presentation 

‣ Let us define

‣ Then any word can be written as

‣ In particular:

‣ Boundary slopes:  

Some Group Properties

<latexit sha1_base64="T0c6eM5BYtC4wNH9nVt2IWMOLME=">AAACG3icbVDLSsNAFJ34rPUV7dLNYBHqwpJIUTdC0Y3LCn1BG8tkMmmHTiZhZiKEkE8Rt/od7sStCz/DP3DSZmGtF4Z75pxz4d7jRoxKZVlfxsrq2vrGZmmrvL2zu7dvHhx2ZRgLTDo4ZKHou0gSRjnpKKoY6UeCoMBlpOdOb3O990iEpCFvqyQiToDGnPoUI6WpkVlpP6RnPLuu6c6zU/2xs5FZterWrOAysAtQBUW1Rub30AtxHBCuMENSDmwrUk6KhKKYkaw8jCWJEJ6iMRloyFFApJPOls/giWY86IdCP67gjP09kbpuoF1uyDwok0B3uSCjQOa0tgRITZa0nPxPG8TKv3JSyqNYEY7ne/gxgyqEeVDQo4JgxRINEBZUnwLxBAmElY6zrDOy/yayDLrndfui3rhvVJs3RVolcASOQQ3Y4BI0wR1ogQ7AIAHP4AW8Gk/Gm/FufMytK0YxUwELZXz+AP7HoII=</latexit>

T�n = (Tn)�1 <latexit sha1_base64="2nfVGAU+VtQJiO6272WwIu5cp9w=">AAACFHicbVDLSgMxFM34rPVVdekmWAQ3lhkp6kYounFZ6RPaaclkMm1okhmSjFCG+Q1xq9/hTty69zP8AzPtLKz1QLiHc86Fm+NFjCpt21/Wyura+sZmYau4vbO7t186OGyrMJaYtHDIQtn1kCKMCtLSVDPSjSRB3GOk403uMr/zSKSioWjqaURcjkaCBhQjbaRBozlIzkV6Y4ZIG8NS2a7YM8Bl4uSkDHLUh6Xvvh/imBOhMUNK9Rw70m6CpKaYkbTYjxWJEJ6gEekZKhAnyk1mV6fw1Cg+DEJpntBwpv7eSDyPm5QXMh+qKTdTLdiIq0w2EY70eMnLxP+8XqyDazehIoo1EXh+RxAzqEOYNQR9KgnWbGoIwpKar0A8RhJhbXosmo6cv40sk/ZFxbmsVB+q5dpt3lYBHIMTcAYccAVq4B7UQQtgIMEzeAGv1pP1Zr1bH/PoipXvHIEFWJ8/b0CewA==</latexit>

ST�n = TnS,

<latexit sha1_base64="Z2JEE1RBUnnOmygcf/pNhzrm9BU="></latexit>

G = hM1 , M2 | M2
1 = M2

2 = i ⇠ 2 ? 2 ⇠ 2 o

<latexit sha1_base64="nApus/V1LgRON1JtkNFffRSdmKc="></latexit>

�2 = � 2

m1 +
q

m1
m2

(m1m2 � 4)



Geodesics of Picard rank 2



Swampland Conjectures & Infinite Flops
‣ All CYs at     are the same

‣ The geodesic distance between two     is 

 

‣ By the Swampland Distance Conjecture, 

at each    , a tower has come down by 1 
e-fold, but the CYs are the same!


‣ Moreover, what is the fate of the 
symmetry group G ? Is it global?

<latexit sha1_base64="BSvxVah6K3NXVqA5mI99ruOgcTI=">AAACHnicbVDLSgMxFM34rPU1KrhxEyxC3ZQZKeqy6MadFewDOkPJZDJtaJIZkoxQxv6LuNXvcCdu9TP8AzPtLKz1QMjhnHPh3hMkjCrtOF/W0vLK6tp6aaO8ubW9s2vv7bdVnEpMWjhmsewGSBFGBWlpqhnpJpIgHjDSCUbXud95IFLRWNzrcUJ8jgaCRhQjbaS+fegNtHE59DjSQ4xYdjupuqd9u+LUnCngInELUgEFmn372wtjnHIiNGZIqZ7rJNrPkNQUMzIpe6kiCcIjNCA9QwXiRPnZdP8JPDFKCKNYmic0nKq/J7Ig4CYVxCyEaszNr+ZsxFUum0h+xIKXi/95vVRHl35GRZJqIvBsjyhlUMcw7wqGVBKs2dgQhCU1p0A8RBJhbRotm47cv40skvZZzT2v1e/qlcZV0VYJHIFjUAUuuAANcAOaoAUweATP4AW8Wk/Wm/VufcyiS1YxcwDmYH3+AOrsohI=</latexit>

& O(1)

G is gauged (remnant of 11D diffeomorphisms)  divide out. Then the theories  
at    are all identified, there is a single KC, and the shortest geodesic is 0.

→

[Brodie, Constantin, Lukas, FR: 2104.03325]

[Ooguri, Vafa `06]

[Misner, Wheeler `57; Banks, Seiberg `10]



Kawamata Morrison Cone conjecture
‣ What if we had flop chains involving infinitely many non-isomorphic CYs?  

 No gauged symmetry to save the day

‣ The KM cone conjecture states that the extended KC only consists of finitely 

many isomorphism classes, so this cannot occur if the KM is true 

‣ Conversely, if there are infinitely many KCs (and the geodesic distance it 
takes to traverse each does not go to 0 rapidly), you would end up with a 
string theory somewhere in the bulk of moduli space with an arbitrarily light 
tower of states, which seems wrong

⇒

[Morrison `94, Kawamata `97]



‣ Look at the instant contributions to the pre-potential 
 

‣ If two curve classes are mapped onto one another, their GV invariants agree

‣ Can split the sum over di into group orbits of G


‣ For specific choices (m1=m2=2), the exponentials in the polylog resum into theta 
functions  modular prepotential


‣ Interestingly, the mirror dual of the HV manifold is precisely of this type. There, its 
middle cohomology splits in a specific way with deep number-theoretic 
implications (rank 2 attractor points).


‣ Theta-functions also arise in the 4D superpotential from ED3 branes

⇒

Mirror duals and modularity

[work in progress]

[Gendler, Kim, McAllister, Moritz, Stillman `22]

[Candelas, de la Ossa, Elmi, van Straten `19; Candelas, Kuusela, McGovern `21]

[Naomi’s talk]



Conclusions
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‣ Computed massive string excitations and geodesics in CS moduli space and 
studied the SDC


‣ Constructed manifolds with infinitely many flops and their symmetry group. 
Related to GV invariants and intersection numbers


‣ Classified and solved geodesics equations for all Picard rank 2 manifolds

‣ The KM conjecture prevents a potential inconsistency with the SDC, and the 

SDC (under some assumptions) implies the KM conjecture

‣ Mirror-duals inherit interesting structure (LMHS, modularity, …)

Conclusions



‣ Computed massive string excitations and geodesics in CS moduli space and 
studied the SDC


‣ Constructed manifolds with infinitely many flops and their symmetry group. 
Related to GV invariants and intersection numbers


‣ Classified and solved geodesics equations for all Picard rank 2 manifolds

‣ The KM conjecture prevents a potential inconsistency with the SDC, and the 

SDC (under some assumptions) implies the KM conjecture

‣ Mirror-duals inherit interesting structure (LMHS, modularity, …)

Conclusions

Thank you!


